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Abstract
A solution to an inverse problem involving noncharacteristic Cauchy conditions for a one-
dimensional parabolic partial differential equation is presented which extends previous work in which
the effects of a first-order convective term were ignored. The new solution involves a series expansion
in Laguerre polynomials in time with spatial coefficients expressed in terms of a new set of special
functions. These special functions are studied and many new properties are derived including a set
of five term recurrence relations. The paper concludes with a theoretical study of conditions under
which the inverse problem is well-posed.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
While we shall be concerned with mathematical issues surrounding an inverse prob-
lem involving convection–diffusion outlined below in the introduction, we note that such
problems arise in a large variety of physical applications. Consider the following physi-
cal problem. Several reactants suspended in a bulk fluid are forced through a thin layer
of catalyst held at the top of a long reactor column of length L. A vigorous exothermic
reaction takes place and part of the thermal energy released increases the temperature of
the surrounding fluid while the remainder is carried away down the length of the reactor
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one-dimensional thermal convection–diffusion equation
ρcTt = kTxx − uTx, 0 x  L, t > 0, (1)
where x is the distance in meters [m] from the top of reactor column, t is time in sec-
onds [s], u is the velocity [m s−1] of the fluid medium (assumed constant), T is the fluid
temperature in degrees Kelvin [K], ρ is the fluid density [g m−3], c is the fluid specific
heat [J g−1 K−1] and k is thermal conductivity [J s−1 m−1 K−1]. Our interest in this prob-
lem arises from the fact that the highly exothermic reaction occurring at the top of the
reactor column precludes the direct measurement of the heat flux α(t)
α(t)= uρcT (0, t)− kTx(0, t), t > 0, (2)
issuing from the catalyst surface where the surface heat flux is obtained by balancing the
thermal flux at the catalyst surface with the thermal flux of the fluid at the reactor inlet.
Instead, we may recover the surface heat flux by monitoring the thermal profile (Cauchy
conditions)
T (L, t)=Φ(t), Tx(L, t)= Ψ (t) (3)
of the bulk fluid at the reactor outlet and from knowledge of the initial state
T (x,0)= f (x) (4)
of the bulk fluid throughout the reactor column. The recovery of the inlet heat (2) from
the governing partial differential equation (1) and the outlet and initial thermal conditions
(3) and (4) is an example of a class of problems known as inverse problems. Technically,
this inverse problem is an example of a noncharacteristic Cauchy problem for the diffusion
equation with first-order convective effects.
In [6], the noncharacteristic Cauchy problem for the heat equation was considered. An
exact solution in terms of a series of Laguerre polynomials was derived. The coefficients in
the expansion were dependent on the Cauchy data and a new set of special functions unique
to this problem. Unlike the classical solution to this problem (see [1] or [2, pp. 244–246],
for example), the terms in the series do not involve higher derivatives of the Cauchy data.
In this paper we present new results for the case of noncharacteristic Cauchy problems
associated with the convection–diffusion equation. In addition we present conditions under
which the Cauchy data lead to well-posed problems.
In one of the few known analytical results for inverse convection–diffusion, Smith and
Wake [7] have derived a solution that can be shown to be a rearrangement of what we term
the classical solution (42) of Section 4. Indeed, their solution collapses to the well-known
classical solution of Burggraf [1] in the case of zero convection. Again, we emphasize
that these classical solutions involve infinite-order derivatives of the Cauchy data, a feature
which is avoided in the current work.
The outline of the paper is as follows. Section 2 introduces the mathematical model to
be studied. This model includes the convective effects and as such incorporates the ear-
lier work as a subcase. Section 3 presents the special functions that arise in the derivation
of the new solution and establishes their properties and their connection to the special
functions of the earlier work. Then in Section 4, the new solution is derived in terms of
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sult is that the inverse Laplace transform of a certain family of hyperbolic functions may
now be expressed as an expansion in Laguerre polynomials (to be interpreted in a distribu-
tional sense) with the new special functions as coefficients. This is followed by Section 5,
in which the well-posedness class of functions is discussed along with implications for
computation.
2. The nondimensional diffusion–convection problem
When the substitutions
x∗ = L− x
L
, t∗ = βt, T ∗(x∗, t∗)= T (x, t),
Φ∗(t∗)=Φ
(
1
β
t∗
)
, Ψ ∗(t∗)=−LΨ
(
1
β
t∗
)
, f ∗(x∗)= f (L−Lx∗),
α∗(t∗)= 1
ucρ
α
(
1
β
t∗
)
(where β ≡ κ/L2 ≡ k/(cρL2)) are made in (1)–(4) and asterisks are dropped we obtain a
nondimensional formulation of the inverse problem: given the convection–diffusion equa-
tion
∂T (x, t)
∂t
= ∂
2T (x, t)
∂x2
− 2a ∂T (x, t)
∂x
, 0 x  1, t > 0, (5)
together with Cauchy and initial conditions
T (0, t)=Φ(t), Tx(0, t)= Ψ (t), t > 0, (6)
T (x,0)= f (x), (7)
recover the inlet heat flux
α(t)= T (1, t)− 1
2a
Tx(1, t), t > 0. (8)
The constant a appearing in (5) and (8) is defined to be
a =−Pe
2
, (9)
where
Pe = uL
κ
(10)
is the Peclet number and is the ratio of inertial to conductive time scales and
κ = k
cρ
(11)
is the thermal diffusivity [m2 s−1].
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problems. The aim in the ensuing two sections is to describe a new solution to our Cauchy
problem that will allow us to determine any linear combination of inlet temperature and
thermal gradient
η1T (1, t)+ η2Tx(1, t), t > 0,
where η1, η2 are constants.
3. Special functions S−n and S+n
This section is devoted to the derivation of special functions S±n (x) and many of their
properties including recursion formulae that allow for their rapid computation. These spe-
cial functions shall, in turn, be used to describe the solution to the Cauchy problem (5)–(7)
of Section 2.
We motivate the introduction of these special functions in the following way. Consider
an initial value problem involving the second-order homogeneous ODE
d2ω
dx2
− 2a dω
dx
− sω = 0, (12)
where a and s are parameters and ω(0, s, a), ωx(0, s, a) are given. It is well known that
the general solution to (12) with the given initial conditions can be expressed in terms of
the two fundamental solutions g(x, s, a) and h(x, s, a) of (12) which, respectively, satisfy
the initial conditions
g(0, s, a)= 1, gx(0, s, a)= a,
h(0, s, a)= 0, hx(0, s, a)= 1. (13)
It is easily shown that
g(x, s, a)= eax cosh(x√s + a2 ), h(x, s, a)= eax sinh(x
√
s + a2 )√
s + a2 . (14)
It turns out that fundamental solutions g(x, s, a) and h(x, s, a) of (12) are in fact the gener-
ating functions for our pair of new special functions S±n (x, a) when g and h are expanded
in a power series in p = (s − 1)/s, i.e.,
g(x, s, a)=
∞∑
n=0
S−n (x, a)
(
s − 1
s
)n
, h(x, s, a)=
∞∑
n=0
S+n (x, a)
(
s − 1
s
)n
. (15)
The connection of the special functions S±n (x) to the inverse problem follows from the fact
that the application of the Laplace transform
Tˆ (x, s)=
∞∫
0
e−stT (x, t) dt (16)
to the Cauchy problem (5)–(7) of Section 2 yields an initial value problem for an equation
of form (12) if an initial condition of zero is used in (7).
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The associated generating function g(x, s, a) is the solution to the following partial differ-
ential equation involving derivatives with respect to s only:
(s + a2)gss + 12gs −
x2
4
g = 0. (17)
If power series (15) for g(x, s, a) is substituted into (17) and like powers of p = (s − 1)/s
are equated, we find
(a2 + 1)(n+ 3)(n+ 4)S−n+4
=
(
2a2 + 3
2
)
(n+ 3)(2n+ 5)S−n+3 −
[
3(2a2 + 1)(n+ 1)2 − x
2
4
]
S−n+2
+
(
2a2 + 1
2
)
(n+ 1)(2n+ 3)S−n+1 − a2n(n+ 1)S−n , n 0. (18)
Now, S−n (x, a) are the coefficients in the power series expansion of
g(x, s, a)= eax cosh
(
x
√
1
1− p + a
2
)
(19)
and as such can be written in the form
S−n (x, a)=
1
n!
dn
dpn
eax cosh
(
x
√
1
1− p + a
2
)∣∣∣∣
p=0
. (20)
Alternatively it can be shown that
S−n (x, a)= eaxΩ−n (x, a), (21)
where
Ω−n (x, a)=
1
(a2 + 1)n
n∑
k=0
(
n− 1
k
)
a2kΘ−n−k
(
x
√
a2 + 1 ) (22)
and where Θ−n (x) have been studied in [6]. The first four Θ−n (x) are
Θ−0 (x)= cosh(x), Θ−1 (x)=
1
2
x sinh(x),
Θ−2 (x)=
1
8
x2 cosh(x)+ 3
8
x sinh(x),
Θ−3 (x)=
3
16
x2 cosh(x)+
(
5
16
x + 1
48
x3
)
sinh(x). (23)
Once S−n (x, a), n= 0,1,2,3, are computed, the recurrence (18) permits a rapid evalu-
ation of all higher S−n (x, a) for any fixed choice of x and a.
Turning now to S+n (x, a), the generating function h(x, s, a) is the solution to the fol-
lowing partial differential equation involving derivatives with respect to s only:
(s + a2)hss + 3hs − x
2
h= 0. (24)2 4
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(a2 + 1)(n+ 3)(n+ 4)S+n+4
= (2a2 + 1)(n+ 3)(2n+ 5)S+n+3 −
[
3(2a2 + 1)(n+ 2)2 − 2(n+ 2)− x
2
4
]
S+n+2
+ (n+ 1)
[(
2a2 + 1
2
)
(2n+ 3)− 1
]
S+n+1 − a2n(n+ 1)S+n , n 0. (25)
In a similar fashion to (21) it can be shown that
S+n (x, a)= eaxΩ+n (x, a), (26)
where
Ω+n (x, a)=
1
(a2 + 1)n+1/2
n∑
k=0
(
n− 1
k
)
a2kΘ+n−k
(
x
√
a2 + 1 ) (27)
and where Θ+n (x) have been studied in [6]. The first four Θ+n (x) are
Θ+0 (x)= sinh(x), Θ+1 (x)=
1
2
x cosh(x)− 1
2
sinh(x),
Θ+2 (x)=
1
8
x cosh(x)−1
8
sinh(x)+ 1
8
x2 sinh(x),
Θ+3 (x)=
(
1
16
x + 1
48
x3
)
cosh(x)+
(
− 1
16
+ 1
8
x3
)
sinh(x). (28)
Additionally it can be shown, by substituting series (15) for the generating functions g
and h into (12) and equating like powers of p = (s− 1)/s that both S+n (x, a) and S−n (x, a)
satisfy the differential–difference equations
S′′0 − 2aS′0 = S0,
S′′n − S′′n−1 − 2a(S′n − S′n−1)= Sn, n= 1,2, . . . , (29)
with corresponding initial conditions
S−n (0, a)= δn0, S−′n (0, a)= aδn0,
S+n (0, a)= 0, S+′n (0, a)= δn0. (30)
Noting that
dS+n
dx
= S−n + aS+n (31)
and using the above differential–difference equations, we find
S+0 =
d
dx
(
S−0
)− a d
dx
(
S+0
)
,
S+n =
d (
S−n − S−n−1
)− a d (S+n − S+n−1), n 1. (32)dx dx
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∞∑
n=0
S+n (x, a)
(
s − 1
s
)n
=
∞∑
n=0
1
s
(
s − 1
s
)n
d
dx
(
S−n (x, a)− aS+n (x, a)
)
, (33)
which shall be needed in Section 4.
4. Solution of the Cauchy problem
We shall develop a new solution to the Cauchy problem (5)–(7) by comparing the
Laplace transform of a series solution in Laguerre polynomials with the solution of an
initial value problem obtained by direct application of the Laplace transform.
First we develop a solution of (5)–(7) by expanding T (x, t) as a series in Laguerre
polynomials Ln(t),
T (x, t)=
∞∑
n=0
cn(x, a)Ln(t), (34)
where the unknown coefficients cn(x, a) are functions of the parameter a, the initial con-
dition f and the Cauchy data Φ,Ψ . Similarly, expressing Φ(t) and Ψ (t) in Laguerre
polynomials and taking Laplace transforms (16) of Φ,Ψ we obtain
Φˆ(s)=
∞∑
n=0
An
1
s
(
s − 1
s
)n
, Ψˆ (s)=
∞∑
n=0
Bn
1
s
(
s − 1
s
)n
, (35)
where now the coefficients An and Bn are presumed computable since Φ(t) and Ψ (t) are
known.
Next we apply the Laplace transform directly to the Cauchy problem (5)–(7). This yields
the following initial value problem for Tˆ (x, s):
Tˆxx − 2aTˆx − sTˆ =−f (x), (36)
Tˆ (0, s)= Φˆ(s), Tˆx(0, s)= Ψˆ (s), (37)
whose solution in terms of the fundamental solutions g(x, s, a) and h(x, s, a) of Section 3
is
Tˆ (x, s)= Φˆ(s)g(x, s, a)+ (Ψˆ (s)− aΦˆ(s))h(x, s, a)−
x∫
0
f (ζ )h(x − ζ, s, a) dζ.
(38)
If (15) and (35) are now substituted into (38) the result is
Tˆ (x, s)=
∞∑
n=0
An
1
s
(
s − 1
s
)n ∞∑
k=0
S−k (x, a)
(
s − 1
s
)k
+
∞∑
[Bn − aAn]1
s
(
s − 1
s
)n ∞∑
S+k (x, a)
(
s − 1
s
)k
n=0 k=0
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x∫
0
f (ζ )
∞∑
n=0
S+n (x − ζ )
(
s − 1
s
)n
dζ. (39)
Employing result (33) of Section 2, (39) may be rearranged to form
Tˆ (x, s)=
∞∑
n=0
cn(x, a)
1
s
(
s − 1
s
)n
, (40)
which is the Laplace transform of (34), where the unknown coefficients cn(x, a) are now
determined to be
cn(x, a)=
n∑
k=0
An−kS−k (x, a)+
n∑
k=0
[Bn−k − aAn−k]S+k (x, a)
−
x∫
0
f (ζ )
d
dx
[
S−n (x − ζ, a)− aS+n (x − ζ, a)
]
dζ. (41)
Thus the new solution to the Cauchy problem (5)–(7) is expansion (34) with coeffi-
cients (41). These formal manipulations may be justified (see [6]).
We note that the problem described by (5)–(7) is overspecified in the sense that it is
possible to express the solution to (5)–(7) as an infinite series involving derivatives of all
orders of the Cauchy data Φ,Ψ only. This classical solution can be expressed as
T (x, t)= eax
∞∑
n=0
x2n
(2n)! (a
2 +Dt)nΦ(t)
+ eax
∞∑
n=0
x2n+1
(2n+ 1)! (a
2 +Dt)n
(
Ψ (t)− aΦ(t)), (42)
where Dt = ∂/∂t , and is equivalent to solution (34) and (41) under the assumption that the
initial condition f (x) is specified completely by the Cauchy conditions. That is, assume
the Cauchy data are class II functions of exponential order, so that, for example,
Φ(k)(t) eγ tMRk(2k)!,
where M , R, and γ are independent of k. Then setting a = 0 (without loss of generality),
and accepting that f (x) may be expressed under these conditions as
f (x)=
∞∑
n=0
x2n
(2n)!Φ
(n)(0)+
∞∑
n=0
x2n+1
(2n+ 1)!Ψ
(n)(0), (43)
we may derive (42) from (38). If we use (43) to expand the integral term
I (x)=
x∫
0
f (ζ )
sinh(x − ζ )√s√
s
dζ
in (38) we obtain after some manipulation
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∞∑
n=0
Φ(n)(0)
∞∑
k=0
x2n+2k+2
(2n+ 2k+ 2)! s
k +
∞∑
n=0
Ψ (n)(0)
∞∑
k=0
x2n+2k+3
(2n+ 2k + 3)!s
k
=
∞∑
n=1
x2n
(2n)!
n−1∑
k=0
sn−k−1Φ(k)(0)+
∞∑
n=1
x2n+1
(2n+ 1)!
n−1∑
k=0
sn−k−1Ψ (k)(0).
Using this result, (38) (with a = 0) may now be written as
Tˆ (x, s)= Φˆ(s) cosh(x√s )+ Ψˆ (s) sinh(x
√
s )√
s
−
x∫
0
f (ζ )
sinh(x − ζ )√s√
s
dζ
=
[
Φˆ(s) cosh(x
√
s )−
∞∑
n=1
x2n
(2n)!
n−1∑
k=0
sn−k−1Φ(k)(0)
]
+
[
Ψˆ (s)
sinh(x
√
s )√
s
−
∞∑
n=1
x2n+1
(2n+ 1)!
n−1∑
k=0
sn−k−1Ψ (k)(0)
]
=
∞∑
n=0
x2n
(2n)!
[
snΦˆ(s)− sn−1Φ(0)− · · · −Φ(n−1)(0)]
+
∞∑
n=0
x2n+1
(2n+ 1)!
[
snΨˆ (s)− sn−1Ψ (0)− · · · −Ψ (n−1)(0)].
Now, formally inverting the series term by term, we find
T (x, t)=
∞∑
n=0
x2n
(2n)!Φ
(n)(t)+
∞∑
n=0
x2n+1
(2n+ 1)!Ψ
(n)(t)
= cosh(x√Dt )Φ(t)+ sinh(x
√
Dt )√
Dt
Ψ (t).
Clearly then, it is only necessary to impose the initial conditions Φ,Ψ to fully specify
the Cauchy problem for the convection–diffusion equation. However, by overspecifying the
problem and including knowledge of f (x) in a consistent manner, we are able to derive an
alternative form of solution which does not involve derivatives of the Cauchy data.
Finally we note that while we have succeeded in determining
L−1
{
Φˆg(x, s, a)
}
(where L−1 is the inverse Laplace transform), by finding an invertible series representation
for the product of Φˆ and g(x, s, a), the inverse Laplace transforms of such generating
functions g(x, s, a) and h(x, s, a), i.e.,
L−1
{
g(x, s, a)
}
do not exist as ordinary functions of t but must be interpreted in a distributional sense.
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It is convenient to use the classical form of the solution (42) when discussing well-
posedness. Following [3,5], we introduce a test space W∞(R) of functions and its dual
space W−∞(R). For our purposes the main result established in these works is the follow-
ing: the test space W∞(R) and hence its dual are invariant under all pseudo-differential
operators with analytic symbol. We use this result to establish that the problem
Tt = Txx − 2aTx, 0 x  1, t ∈R,
T (0, t)=Φ(t), Φ ∈W∞(R),
Tx(0, t)= Ψ (t), Ψ ∈W∞(R), (44)
is well-posed in C2([0,1];W∞(R))×W∞(R)×W∞(R). This latter space denotes those
functions T (x, t) ∈W∞(R) for each fixed x ∈ [0,1] and which depend continuously on x
together with their derivatives to second order.
Let T (x, t)= u(x, t)+ v(x, t), where u,v are solutions to the systems
uxx − 2aux = ut , vxx − 2avx = vt ,
u(0, t)=Φ(t), v(0, t)= 0,
ux(0, t)= aΦ(t), vx(0, t)= Ψ (t)− aΦ(t). (45)
Now define differential operators of infinite order U(x,D),V (x,D) by
u(x, t)=U(x,D)Φ(t), v(x, t)= V (x,D)(Ψ (t)− aΦ(t)), (46)
where
D = 1
i
∂
∂t
= 1
i
Dt .
Formally introducing (46) into (45) and replacing D by ξ we obtain the following system
of ordinary differential equations:
Uxx − 2aUx = iξU, Vxx − 2aVx = iξV ,
U(0, ξ)= 1, V (0, ξ)= 0,
Ux(0, ξ)= a, Vx(0, ξ)= 1, (47)
with solution
U(x, ξ)= eax cosh(x√a2 + iξ )= eax ∞∑
n=0
x2n
(2n)! (a
2 + iξ)n,
V (x, ξ)= eax sinh(x
√
a2 + iξ )√
a2 + iξ = e
ax
∞∑
n=0
x2n+1
(2n+ 1)! (a
2 + iξ)n. (48)
U and V are analytic functions of ξ ∈ R for each fixed choice of a and x ∈ [0,1]. Since
U(x,D), V (x,D) act invariantly and continuously in W∞, problem (44) is well-posed in
C2([0,1];W∞(R))×W∞(R)×W∞(R) with solution
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√
a2 +Dt )√
a2 +Dt
(
Ψ (t)− aΦ(t))
= eax
∞∑
n=0
x2n
(2n)! (a
2 +Dt)nΦ(t)
+ eax
∞∑
n=0
x2n+1
(2n+ 1)! (a
2 +Dt)n
(
Ψ (t)− aΦ(t)). (49)
Note that W∞(R) is contained within class I (analytic functions on a bounded domain) and
consequently it is not permissible to have the condition f ≡ 0. Therefore well-posedness
is not established for the important case f ≡ 0. More to the point, the Cauchy data
Φ,Ψ ∈W∞(R) are usually not available, but instead we may only have measured data
Φm,Ψm ∈ L2 satisfying
‖Φ −Φm‖< ε, ‖Ψ −Ψm‖< ε. (50)
Under these conditions, the problem at hand is definitely ill-posed. This follows readily
from an examination of solution (38) in the Laplace transformed plane
Tˆ (x, s)= Ψˆ (s)eax sinh(x
√
a2 + s )√
a2 + s , (51)
where without loss of generality we have assumed that Φ(t) and f (x) are identically zero.
Setting s = α + iβ and assuming a Parseval identity for the Laplace transform we have
∥∥T (x, t)∥∥22 =
∞∫
−∞
∣∣Ψˆ (iβ)∣∣2∣∣∣∣eax sinh(x
√
iβ + a2 )√
iβ + a2
∣∣∣∣
2
dβ,
∥∥T (x, t)∥∥22 =
∞∫
−∞
∣∣Ψˆ (iβ)eax∣∣2(cosh2(xu)− cos2(xv)
u2 + v2
)
dβ,
where
u2 = 1
2
(
a2 +√a4 + β2 ), v2 = 12(−a2 +√a4 + β2 ).
The integral contains a term of the form
∞∫
−∞
∣∣eaxΨˆ (iβ)∣∣2 e2xu√
a4 + β2 dβ,
which is finite only if Ψˆ decays exponentially for large |β|. In practice the Cauchy data may
not satisfy this restriction. In addition, if the Cauchy data were obtained experimentally,
small changes in Ψˆ could undergo severe amplification in the presence of the exponential
factor. This difficulty is often dealt with by way of regularization [4].
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In this paper we have derived a new series solution for the convection–diffusion equa-
tion, extending our earlier work. We have exposed the connection to the corresponding
classical solution and detailed the nature of the conditioning of the inverse problem.
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